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A nonlinear integrodifferent ia l  equation is der ived for  the t e m p e r a t u r e  distr ibution in the r e -  
gion under  study. The determinat ion of the t ime  for  the unknown boundary to r each  a given 
posit ion is reduced to a quadra ture .  

The method of success ive  approximat ions  is used  in [1, 2] to solve the two-dimensional  and a x i s y m -  
me t r i c  Stefan p rob lem without initial conditions.  We develop a method for  solving the spher ica l ly  s y m -  
met r i c  Stefan p rob lem with a boundary condition of the th i rd  kind. 

After  introducing appropr ia te  d imens ion less  va r i ab l e s  the p rob lem can be fo rmula ted  mathemat ica l ly  
in the f o r m  

OU _:_ 1 0 x2 __OU in D, (1) 
6t x ~ Ox Ox 

OU aU for x = l ,  (2) 
Ox 

U=[3  for x = h ( t ) ,  (3) 

dh Ou . . . .  for x = A (t), (4) 
dt " Ox 

a (0) = I, (5) 

when D = { x ,  t;  1 < x < A ( t ) ;  0 < t < co} is an open domain in which the solution of the p rob l em mus t  be con-  
s t rueted,  

P r o b l e m  (1)-(5) co r r e sponds  to an ice covered  sphere  whose sur face  is cooled by convection, with 
the ambient  t e m p e r a t u r e  at zero  t ime equal to the t e m p e r a t u r e  of the phase t rans i t ion.  The requi red  func-  
t ions a re  the d imens ionless  t e m p e r a t u r e  U (x ,  t )  and the posit ion of the phase  t rans i t ion  boundary x = A ( t ) .  

The solution of p rob lem (1)-(5) is cons t ruc ted  as in [2]. 
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Fig. 1. Pos i t ion  of phase t rans i t ion  boundary: H = 0.05. a: 1) 
18= 0.8; 2) 0.6; 3) 0.4; 4) 0.2; ~ = 0.2; b: 1) ~ =0.2;  2) 0.4; 
3) 0.6; 4) 0.8; 5) 1.0; fl =0 .8 .  

T rans la t ed  f rom Inzhenerno-F iz ichesk i i  Zhurnal,  Vol. 26, No. 4, pp. 701-704, April ,  1974. Or ig i -  
nal a r t ic le  submit ted Apri l  2, 1973. 

�9 1975 Plenum Publ&hing Corporation, 227 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any fore7 or by any means, electronic, mechanical, photocoto, ing, microfilming, 
recording or otherwise, without written permission o f  the publisher. A cop), o f  this article is available from the publisher for $15.00. 

486 



TABLE 1. Time to Build Up a Layer of Ice on a Convectively Cooled S0herically Symmetric Surface 
h 

~ ,  ~ H 1,05 1,1 1,15 1,2 1,25 1,3 1 35 . 1,4 1,45 1,5 

2,167785 2,544559 2,9:18486 
1,174931 2,551290 2,95i823 a=0,4 

15=0,~ 

cz=0,( 

~--0,( 

a=0,8 

6=0,6 

0,05 
0,025 
0,0125 
0,00625 

0,05 ' 
0,025 
0,0125 
0,00625 

0,05 
0,025 
0,0125 
0,00625 

0,185045 
0,194953 
9,199715 
3,2020~73 

0,166864 
0,176266 
0,181354 
0,183658 

0,129314 
0,139175 
0,142491 
0,144679 

0,407337 
0,416822 
0,411239 
0,423425 

0,369850 
0,378426 
0,383657 
0,385767 

0,290123 
0,298205 
0,302340 
0,304440 

0,647545 
0,656787 
0,660886 

0,590096 
0,598145 
0,603338 

0,464524 
0,472178 
0,476108 

0,907327 
0,916208 
0,920019 

0,829231 
0,836749 
0,841820 

0,653995 
0,661210 
0,664914 

1,187965 
1,196429 
1,199975 

1,088577 
1,095560 
1,100448 

0,859666 
0;866412 
0,869895 

1,490742 
1,498764 

1,369142 
1,375914 

1,082644 
1,088931 

,816929 
,824507 

,673125 
,679102 

,324033 
,329865 

2,000913 
2,000420 

1,584932 
1,590329 

2,354078 
2,359143 

1,866430 
1,871414 

2,733878 
2,738529 

2,169604 
2,174200 

The problem is solved 

U = + AU; 
1 +o(1- -2 )  

t = B U ,  

where the operators  A and B act on the function U(x, A) according to the rule 

A U =  ~z~3 x 2 -  OU d x d x - -  

1 ! 

f l j .  1+ i T • --7 x 2 d x d x  1 t 
l O A  �9 

• A ~ -  x2 OU dx  -~ -a  - - -  x ~" dxdx  , 
' O A  x" O A  
1 1 1 

& A 

B U =  2~ : , ! ' { I I + c z ( 1 - - - - ~ - l ) ( A ~ - - , f : : :  0.x0U dzt.] 

1 1 

A x 

J';x  } _ _  x2 OU dxdx  dA. O; 
OA 

1 1 

The integrodifferent ial  equation (6) can be solved by the method of success ive  approximations,  and 
then by using {7) the t ime for  a l aye r  of ice of thickness A to build up on the surface of the sphere can be 
determined.  

The i terat ion scheme has the fo rm  

U~ = (1 - -  ' d----i- 

The zero approximation cor responds  to the case  of an infinitely small  specific heat  of the medium. 

(6) 

~7) 

(8) 

(9) 

(lo) 

O1) 
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The c r i t e r ion  for  the final i tera t ion was the condition IUk+t(x, t)--Uk(X, t)l < 10 -4 uni formly  in domain 
D for  a = 0.2, 0.4, 0.6, 0.8, 1.0; fl = 0.2, 0.4, 0.6, 0.8. There  were  no more  than f o u r i t e r a t i o n s .  The 
c h a r a c t e r  of the change A(t) for  a change in the mesh  size H = 0.05, 0.025, 0.0125, 0.00625 is shown in 
Table  1. 

F igu re s  l a  and b show the solutions for  var ious  values  of a and/~ and H = 0.05. 

In conclusion we note that  Eqs+ (6) and (7) a re  m o r e  convenient than (1)-(5) fo r  solving the p rob lem 
in the finite difference formulat ion.  
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